The main focus is on metric related almost complex structures, i.e. almost complex structures which admit a common compatible metric.
In section 4 we focus on almost complex structures J which admit compatible or tame symplectic forms and we give estimates for the dimensions h Finally, in section 5 we discuss Donaldson's approach to Question 1.1 via the symplectic version of the Calabi-Yau equation. We observe that his technique based on the Implicit Function Theorem can also be used to obtain a lower semi-continuity property of h Note: The terms pure and full almost complex structures were also defined in [18] in terms of currents. We will not use these in this paper, so we refer the reader to [18] and [10] for more on this. Note also that the preprint of Fino and Tomassini provides a number of interesting cases when the notions of pure and full almost complex structures are equivalent to the C ∞ counterparts (Theorem 3.7 and Corollary 4.1 in [10] ). See also Remark 2.6 below.
Our first result is Theorem 2.3. If M is a compact 4-dimensional manifold then any almost complex structure J on M is C ∞ -pure and full. Thus, there is a direct sum cohomology decomposition
Before the proof, we should set some more preliminaries and notations. The particularity of dimension 4 is that the Hodge operator * g of a Riemannian metric g on M also acts as an involution on Λ 2 . Thus, we have the wellknown self-dual, anti-self-dual splitting of the bundle of 2-forms,
g . We will denote by Ω ± g the space of sections of Λ ± g and by α + , α − the selfdual, anti-self-dual components of a 2-form α. Since the Hodge-deRham Laplacian commutes with * g , the decomposition (4) holds for the space of harmonic 2-forms H g as well. By Riemannian Hodge theory, we get the metric induced cohomology decomposition Of course, Z ± g := Z 2 ∩ Ω ± = H ± g , so clearly H ± g (M ) = H ± g , and (5) can be written as
g . We will need the following special feature of the Hodge decomposition in dimension 4.
Lemma 2.4. If α ∈ Ω + g and α = α h + dθ + δΨ is its Hodge decomposition, then (dθ) + g = (δΨ) + g and (dθ) − g = −(δΨ) − g . In particular, the 2−form α − 2(dθ) + g = α h is harmonic and the 2−form α + 2(dθ)
Proof. Since * ω = ω, by the uniqueness of the Hodge decomposition, we have * (dθ) = δΨ, * (δΨ) = dθ. The lemma follows.
Suppose now that J is an almost complex structure and g is a J-compatible Riemannian metric on the 4-manifold M . The pair (g, J) defines a J−invariant 2-form ω by (6) ω(u, v) = g(Ju, v).
Such a triple (J, g, ω)
is called an almost Hermitian structure. Given J, we can always choose a compatible g. The relations between the decompositions (1) and (4) on a 4-dimensional almost Hermitian manifold are
The following lemma is an immediate consequence of (8):
Lemma 2.5. Let (M 4 , g, J, ω) be a 4-dimensional almost Hermitian manifold. Then Z the other hand, any harmonic form satisfies the unique continuation property, so if α ≡ 0, its nodal set α −1 (0) has empty interior. In fact, from [6] it is known more: α −1 (0) has Hausdorff dimension ≤ 2.
We are now ready to give the proof of Theorem 2.3
Proof of Theorem 2.3. Let g be a J-compatible Riemannian metric and let ω be the 2-form defined by (g, J). We start by proving that J is C ∞ -pure. If a ∈ H Thus, if ω is symplectic and α is closed, (11) implies that * g (α) is also closed. Hence, for any almost Kähler structure (g, J, ω), Z − J ⊂ H 2 g . It is straightforward now to generalize the first part of the proof of Theorem 2.3.
but by (11) we also have
Thus α ′′ = 0, so a = 0.
We end this subsection by noting that there may exist a duality between cohomology groups H ± J and the corresponding homology groups defined in terms of currents, see [18] .
2.3.
The complexified H 2 .
The groups H
p,q J . In all of the above, we referred to decompositions of real 2-forms. We present now the relation with the more familiar splitting of bi-graded complex 2-forms:
Proof. (14) follows from the fact that a complex form Ψ is closed if and only if its conjugate Ψ is closed. (15) follows from (14) and the following fact: Let V be a real vector space and W a complex subspace of V ⊗ R C, which as a subspace is invariant under conjugation. Then W is the complexification of W ∩ V (see By Remark 2.5 on p. 139 in [7] 
and (17) is a consequence of (16) and (15) with (p, p) = (1, 1). So we just need to prove (16) .
The inclusion H
is clear, so we now prove the converse inclusion. An element in H 1,1
When J is integrable the same argument appears in the proof of Theorem 2.13 in [7] .
The next lemma is a well known result (see e.g. [19] ), recast in our terminology. It can be also be seen as a consequence and as a slight extension of Hitchin's Lemma ( [15] ). Lemma 2.11. Let J be an almost complex structure on a compact 4-manifold.
In particular, if J is integrable, then
Assuming dβ = d(Jβ) = 0, i.e. dΦ = 0, the above relation implies [Z 2 , Z 3 ] 1,0 = 0. This follows first on the set M ′ = M \ β −1 (0), but then everywhere on M by continuity, since M ′ is dense in M (see Lemma 2.5) . This implies the integrability of J. Conversely, assume that J is integrable and we want to show that dβ = 0 iff d(Jβ) = 0. Using d = ∂ +∂, and 2β = Φ =Φ, we have 2dβ = (∂ +∂)(Φ +Φ) =∂Φ + ∂Φ .
(We used that ∂Φ = 0 since it is a (3,0) form on a complex surface.) Thus dβ = 0 iff∂Φ = 0. Similarly, d(Jβ) = 0 iff∂(iΦ) = 0. But it is obvious that ∂Φ = 0 iff∂(iΦ) = 0.
We will show in the examples of section 3 that it is possible for nonintegrable J's to have nonzero H − J . By the above two lemmas, we get: Corollary 2.12. Suppose J is an almost complex structure on a compact 4−manifold. Then J is always complex C ∞ -pure in the sense H 1,1
Dolbeault decomposition when J is integrable. When J is integrable, there is the Dolbeault decomposition which has long been discovered. We briefly recall this decomposition and relate it to the groups H p,q J introduced in the previous subsection.
When J is integrable,∂ 2 = 0, so there is the∂ complex and the associated Dolbeault cohomology groups, which we denote by H p,q ∂ (M ). But our groups H ± J (M ) R are subgroups of the De Rham cohomology groups, and are generally different from the Dolbeault groups in arbitrary dimension. However, for a complex surface, they are closely related.
The Fröhlicher spectral sequence of the double complex
reads (see P. 41-45, P. 140-141 in [7] ):
The resulting Hodge filtration on H 2 (M ; C) reads:
where
if the Fröhlicher spectral sequence degenerates at E 1 , then A weight 2 formal Hodge decomposition is a decomposition of the form 
Together with (23) , (16) 3.1. When J is integrable. If J is integrable, it follows from Proposition 2.15 that
Together with the signature theorem (Theorem 2.7 in [7] ), we get
It is a deep, but now well known fact that the cases b 1 even/odd correspond to whether the complex surface (M, J) admits or not compatible Kähler structure.
Notice that when J is integrable the dimensions h ± J are topological invariants. Such properties will not hold for general almost complex structures. However, we are still able to calculate the exact value of h ± J for almost complex structures which are metric related to integrable ones in 3.3. To achieve this we will first derive an estimate for general metric related almost complex structures.
3.2.
Comparing metric related almost complex structures.
3.2.1. The space of g−compatible almost complex structures. We fix a Riemannian metric g. The space of almost complex structures on M compatible with g can be described as the space of g-self-dual 2-forms ω satisfying |ω| 2 g = 2 point-wise on M . Suppose we also fix a g−compatible pair (J, ω). Then any g−compatible almost complex structure corresponds to a 2−form
For us, the following variation will be useful, extending an idea from [16] . Suppose further a section α ∈ Ω − J is given. One can define new g-compatible almost complex structures as follows: pick smooth functions f and r on M so that the form (31)ω = f ω + rα satisfies |ω| 2 g = 2, and letJ be the almost complex structure defined by (g,ω). Equivalently, f and r should satisfy the point-wise condition
For any α ∈ Ω − J , one can find such functions f and r. For instance, take r to be small enough so that r 2 |α| 2 g < 2 everywhere and then f is determined up to sign by f = ±(1 − 1 2 r 2 |α| 2 g ) 1/2 . Junho Lee's almost complex structures J α (see [16] ) are obtained for the specific choice 2 (33) r = − 4 2 + |α| 2 and f = 2 − |α| 2 2 + |α| 2 .
Note that we actually get a pair of almost complex structures J ± α , as for the above choice of r, we have the sign freedom in choosing f . Junho Lee defines these almost complex structures on a Kähler surface (M, J, g) and uses them as a tool for an easier computation of the Gromov-Witten invariants. Particularly important in his work are the almost complex structures
This corresponds to almost complex structures that arise from the forms ±ω + α conformally rescaled to satisfy the norm condition. We shall denotẽ J ± α the almost complex structures defined by g, (31) and (34). Even more generally, given α, we may choose r so that r 2 |α| 2 g ≤ 2, with equality at some points, but then at such points we have to require the smoothness of the function (1 − 1 2 r 2 |α| 2 g ) 1/2 . Note also that if such points exists, then we no longer have an "up to sign choice" for f overall.
3.2.2.
Estimates for g−related almost complex structures. We again fix a Riemannian metric g. We quickly point out the following simple facts: 1. If g has this property, then so does any metric from its conformal class. 2. If J andJ are g−related then
The following observation is the key for the computations of h ± J we achieve in this section. 2 There is a factor "2" difference in the convention for the norm of a two form between our paper and [16] . For us, if (g, J, ω) is a 4-dimensional almost Hermitian structure, |ω| 2 g = 2, whereas in [16] , |ω| 2 g = 1. This explains the apparent difference between our r and f and those in Proposition 1.5 in [16] . Proof. Let ω be the 2-form associated to (g, J). Consider the self-dual 2-form
where f and r are C ∞ -functions so that (37) |ω|
Observe that α is pointwise orthogonal to both Jα and ω, and hence it is pointwise orthogonal toω. LetJ be the almost complex structure induced fromω and g. Then α isJ−anti-invariant by (8) Observe that compactness is not needed for Propositions 3.2 and 3.3.
As an immediate consequence of Proposition 3.2, we have Corollary 3.6. In the space of almost complex structures compatible to a given metric g on a compact 4-manifold, there is at most one J such that
Metric related almost complex structures.
Definition 3.7. J andJ are said to be metric related if they are g−related for some g.
It is not hard to see that J andJ are metric related if and only if there exists a 3-dimensional sub-bundle Λ + ⊂ Λ 2 M , positive definite with respect to the wedge pairing, such that Λ 3.3. WhenJ is metric related to a complex structure J. In this subsection J is a complex structure on a compact 4-manifold M unless stated otherwise. Our goal is to compute h − J for almost complex structures J metric related to J. We start with the case which is immediate from Corollary 3.8. 
Proof. By the assumption h
containing the points, respectively, and let f 1 , f 2 be compactly-supported functions on U 1 and
where the constant k is chosen so that |β| 2 < 2 everywhere on M . LetJ be the almost complex structure associated to the formω = f ω + β, where f = (1− |β| 2 /2) 1/2 (Of course, another almost complex structure is obtained by choosing f = −(1 − |β| 2 /2) 1/2 and the whole argument is the same.) We claim that h whole M . The same reasoning can be done with α 2 instead of α 1 . It follows that α 1 and α 2 are scalar multiples of one another, which contradicts the assumption.
This also concludes the proof of Theorem 3.9. 2
Let us examine more closely the case of Kodaira surface. It is a surface with holomorphically trivial canonical bundle, and it has h − J = b + = 2. Let β the real part of a nowhere vanishing holomorphic (2, 0)−form Φ. Notice that β is a closed form trivializing the canonical bundle. Moreover, Jβ is also closed (in fact, the imaginary part of Φ), and a base for H − J is {β, Jβ}. Suppose g is a metric compatible with J and ω is the non-degenerate form compatible with (g, J). We can suppose the base of the rank 3 bundle Λ + g is {ω, β, Jβ}.
They are point-wise orthogonal to each other. We see that any almost complex structure compatible with g corresponds to a form of the type in Equation (30). Now we further write the forms in Equation (30) as
We denote the almost complex structure corresponding to the form by J f,l,s .
Notice that H is al + bs = 0. Thus we have
, {l, s} has rank 0 (f ≡ ±1,J = ±J); 1, {l, s} has rank 1; 0, {l, s} has rank 2.
Surfaces of Kähler type with topologically non-trivial canonical bundle.
For surfaces of Kähler type we shall prove similar results to Theorem 3.9. However, in this case h − J = b + − 1, so some extra work is needed beyond Proposition 3.2 and Corollary 3.8.
First we treat the case when the canonical bundle of (M, J) is topologically non-trivial. In this case, essential is the fact that the canonical bundle is topologically non-trivial. Whether the surface is Kähler or not will not make a difference, so we will state the more general result. The key tool in the proof will be the so called Gauduchon metrics (or standard Hermitian metrics) whose definition we recall below.
Given a Hermitian manifold (M, g, J, ω), the Lee form θ is defined by dω = θ ∧ ω, or, equivalently, by θ = Jδω. It is known that dθ is a conformal invariant. The case when θ is closed (exact) corresponds to locally (globally) conformal Kähler metrics. Obviously, Hermitian metrics with θ = 0 are, in fact, Kähler metrics. We are now ready for the Proof of Theorem 3.11: Consider the conformal class of metrics compatible with both J andJ. This conformal class may not contain any Kähler metric. But as J is integrable, by the existence and uniqueness theorem of Gauduchon [11] , we can choose the metric g which is a standard Hermitian metric with respect to J.
Let ω andω denote the fundamental two forms of (g, J) and (g,J ), respectively. Since ω andω are both g-self-dual and of squared norm 2, they are related by (30).
Suppose h In each conformal class of metrics compatible with J, let g be the Gauduchon metric and ω the associated form. Then let us be in a similar set up as in the case of the Kodaira surface. In particular, every almost complex structure metric related to J is of the type J f,l,s for some Gauduchon metric g.
The difference from the Kodaira surface case is that b + = H + g = 3, rather than 2. As argued in Theorem 3.11, the g−harmonic form ψ is of the form cω + α, where c is a constant and α ∈ Ω − J . Fix such a ψ with c = 1 and α = uβ + v Jβ, where u, v are C ∞ functions. Denote this ψ by ω ′ .
Thus the possible self-dual harmonic forms are of type 
Lemma 3.20. Any 4-dimensional Hermitian or almost Kähler manifold is well-balanced.
Proof. If (g, J, ω) is any 4-dimensional almost Hermitian structure and φ is a local section in Ω − J with |φ| 2 = 2, we have
where a, b, c are local 1-forms. Thus
It is well-known that for a Hermitian structure b = Ja, whereas for an almost Kähler one b = −Ja. In either case, |b| 2 = |a| 2 . 
g, J, ω) be a compact, almost Hermitian 4-manifold which is well-balanced and has Hermitian type Weyl tensor. Then for any
β ∈ Ω − J , dβ = 0 ⇔ d(Jβ) = 0.
Proof of Lemma:
It's enough to prove dβ = 0 ⇒ d(Jβ) = 0. The well-known Weitzenböck formula for a 2-form ψ is
Applying this for β and Jβ and using the assumption on the Weyl tensor, we get
Now, by assumption β ∈ Ω − J and dβ = 0, thus β is harmonic, so it is nonvanishing on an open dense set in M . From the well-balanced assumption and continuity, we get that |∇(Jβ)| 2 = |∇β| 2 everywhere on M . Thus,
The lemma and the proposition are thus proved.
The following is an immediate consequence. We end this section with the following question (See Remark 3.18). [18] . Thus it is important to determine the dimension h
In light of the question of Donaldson mentioned in the introduction, it is also interesting to obtain information on the dimension h + J in the case when J is just tamed by symplectic forms.
It was shown in [18] that an integrable J admits compatible Kähler structures if and only if it admits tamed symplectic forms. Thus we can state (29) in this context as follows:
if J is non-tamed and integrable.
4.1.
A general estimate. When J admits a compatible symplectic form, we have the following easy improvement of (44):
Actually, (46) can be obtained in a slightly more general setting: 
Then ω ′ is compatible with J and non-degenerate, thus it determines a Riemannian metric g. From the pair (ω, J) we actually get a conformal class of metrics, these for which Λ + g = Span{ω, Λ − J }. The metric we fixed is singled out by imposing that |ω ′ | 2 = 2.
We show that Lemma 4.2 can be applied to the almost Hermitian structure (g, J, ω ′ ). It is enough to show that the harmonic part ω ′ h is not identically zero. This is true because the following cup product is non-zero:
The following is an immediate consequence: It is natural to ask how the vector space V J SW depends on J or its canonical class K J . Let us dispose this point straight away. If we use another J ′ we will get the same vector space.
The space V J SW is actually a smooth invariant, uniquely determined by the SW affine space Af f SW generated by the SW basic classes −K J + 2e in the usual sense. This relies on the following general fact: If an affine space can be written as
Therefore we shall denote V J SW simply by V SW and its dimension by r SW . Definition 4.7. Choose any g compatible with J and consider the projection P + g : SW itself is semi-positive definite. Conjecturally this is the case for a minimal manifold admitting a symplectic structure, again due to SW=GT ω . Consequently, we conjecture that if M is minimal, then for J tamed by a symplectic form ω,
We remark we can construct minimal manifolds with arbitrarily high r SW by genus one fiber sums.
• If we vary the J−compatible metric g, is it possible to get a better bound of r J SW ? • Another possibility is r J SW = r g SW = r ≥0 SW . But this may need more than linear algebra.
For a minimal Kähler surface with p g ≥ 0 and nonzero real canonical class, r SW = 1. The inequality is an equality for a Kähler J. But if the real canonical class is zero, then r SW = 0.
For the one point blow up of a minima Kähler surface, e = K, E or K −E, where E is the class of the exceptional curve. So r SW = 2 and r ≥0 SW = 1. In this case for a Kähler J, it has to be true that r J SW = 1. But is it possible that for a non-integrable J, r J SW = 2?
4.3. A formulation of Donaldson's question. We end this section by giving an equivalent formulation of Question 1.1. SupposeJ is an almost complex structure that is tamed by a symplectic form ω on a compact 4-manifold M . As noted in the proof of Theorem 4.3, the pair (J, ω) gives rise to a conformal class of Riemannian metrics [g], so that Λ
}. In the proof of Theorem 4.3, we chose in this conformal class the metric that will make ω ′ , theJ-invariant part of ω, have point-wise norm √ 2. For the comments below, we prefer to use another natural metric in this conformal class: we choose the metric g so that |ω| 2 g = 2 point-wise on M . Equivalently, g is chosen so that g and ω induce an almost Kähler structure (g, J, ω). Certainly,J is also g-compatible, and letω be the fundamental 2-form of (g,J ). This can be written as in (30). SinceJ is tamed by ω, the function f is strictly positive on M . Thus, we can think thatJ is induced by the metric g and the 2-form ω + 1 f β, up to conformal rescaling by f . Conversely, let (M 4 , g, J, ω) be an almost Kähler manifold and let α ∈ Ω − J . Denoteω α = ω + α. This is a non-degenerate, g self-dual form, so (up to a conformal normalization) it induces another g-compatible almost complex structure which we denoteJ α . It is clear thatJ α is tamed by ω.
Donaldson's Question 1.1 is equivalent to 
thenJ α is compatible with a symplectic form.
Proof. We just apply Lemma 2.4 toω α = ω + α. The form
is closed andJ α -invariant. Condition (51) is equivalent to this form being point-wise positive definite. [9] (see also next section).
If α does not satisfy (51), Lemma 2.4 still helps in the search for a symplectic form compatible withJ α . Let (M 4 , g, J, ω) be the fixed almost Kähler structure. Note that by (7) anyJ α -invariant form Ω α can be written as
Applying Lemma 2.4 to fω α , we get that Ω α is also closed if and only if θ − 2((fω α ) exact ) − g is closed, hence harmonic. Thus, renaming θ, a potential symplectic form Ω α which isJ α -compatible must be of the type
Now the question becomes how should one choose f ∈ C ∞ (M ) and θ ∈ H − g to satisfy Ω 2 α > 0 everywhere on M . In this section, we use the beautiful ideas in [9] to study the variation of h 
In [9] , Donaldson further observed that solvability of the symplectic CY equation in dimension 4 may lead to some amazing results in four dimensional symplectic geometry. In particular, he points out the following link to Question 1.1.
First choose an almost complex structure J 0 compatible with ω. Because the space of almost complex structures tamed by ω is path connected, we can then choose a path {J t }, t ∈ [0, 1], with J 1 = J.
Before going on to state the next step, let us suppose now that M has dimension 4, and we fix a maximal positive space H 2 + ⊂ H 2 (M, R) and a class C ∈ H 2 (M ; R). Now comes the continuity method, which we state as the question (D t ): Find a symplectic form ω t compatible with J t , satisfying
Observe that (D 0 ) is solved by taking ω 0 = ω and C = [ω]. Question 1.1 is nothing but to find an ω 1 solving (D 1 ). Let
If we can prove that T is open and closed, then we are done. Suppose M is a 4−manifold with a volume form ρ and a choice of almostcomplex structure J. At any point x, ρ and J induce a volume form and a complex structure on the vector space T x (M ). Denote by P x the set of positive (1, 1)−forms whose square is the given volume form. Then P x is a three-dimensional submanifold in Λ 2 T x (M ) (a sphere in a (3, 1)−space). We consider the 7−dimensional manifold P fibred over M with fiber P x ,
It is a submanifold of the total space of the bundle Λ 2 . Now, we want to find a symplectic form ω which is compatible with J and has fixed volume form with some cohomology conditions. That is, we are searching for ω satisfying the following conditions (we call this condition type D):
Here C is a fixed cohomology class and H 2 + is a maximal positive subspace. Notice, we have three families of variables: ρ, J and C. In particular, C varies in a finite dimensional space.
We have the following result which is a slight variation of Proposition 1 in [9] . We will not use the uniqueness of the solution here, so we just indicate how to find a small neighborhood for which we have the existence.
For each point x ∈ M , the tangent space to P x at ω(x) is a maximal negative space. Thus the solution ω determines a conformal structure on M . We fix a Riemannian metric g in this conformal class. For small η, ω + η lying in P ρ is expressed as
where Q is a smooth map with Q(η) = O(η 2 ). After choosing 2−form representatives of H 2 + , closed forms ω + η satisfying our cohomological constraint can be expressed as ω + da + h where h ∈ H 2 + and where a is a 1−form satisfying the gauge fixing constraint d * a = 0. Thus our constraints correspond to the solutions of the PDE
Donaldson further observes that the linear operator
is invertible. Thus we apply the following version of the implicit function theorem: , for all
To use this theorem, X is our parametrization space B, Y is
(For Y and Z, we may first choose spaces with C k norm, then after getting such a solution, by the uniqueness the solution should be smooth.) Then every condition is satisfied in our setting. We only need to remark that the condition a nearby form lies in a nearby P (b) reduces to a small perturbation of equation (55), which is still elliptic. We see that H 2 + in the statement of the problem is crucial, or the linearization map is not invertible. We usually take C = [ω], but sometimes we take C = 0 or other choices. Notice when b The corresponding space of C ∞ almost complex structures J = J ∞ is not a Banach space but a Fréchet space. In this case we can still apply Proposition 5.1 to a smooth path or a finite dimensional space (hence Banach) in J . That is to say, if an almost complex structure J has a solution of Calabi-Yau equation ω 2 = ρ with a J−compatible form [ ω] ∈ C + H 2 + , then for any path through J, there is a small interval near J such that the Calabi-Yau type equation is solvable with conditions in (D t ) in this interval. In the end we get a weak neighborhood-the union of all the intervals. Notice that this is not necessarily "a small ball" near J, i.e. it may not have an interior point.
However, observe that the natural C ∞ topology is induced by the the sequence of semi-norms C 0 , C 1 , · · · , C l , · · · . Locally, near a C ∞ almost complex structure J, J is a subspace of J l with finer topology. Thus we obtain, Proof. The first statement is a direct consequence of Corollary 5.4, and was already observed by Donaldson (see also [17] ).
As The first statement means that, on a 4−manifold, the space of almost Kähler complex structure J ak is an open subset of J .
